In this letter, a Painlevé integrable coupled KdV equation is proved to be also Lax integrable by a prolongation technique. The Miura transformation and the corresponding coupled modified KdV equation associated with this equation are derived.
Introduction
The coupled KdV equations have many applications in several physical fields, such as those of shallow stratified liquids [1, 2] , atmospheric dynamical systems [3] , Bose-Einstein condensates [4] , and so on. In [5] , Lou et 
which is a new model for describing two-layer fluids with different dispersion relations, is Painlevé integrable by Kruskal's simplification [6] . Further questions are whether this equation is Lax integrable in the sense of having a Lax pair and how to find its Miura transformation. To answer the two questions, in this letter, we first give the Lax pair of this equation by means of the prolongation technique [7, 8] and then derive its Miura transformation [9] and the associated modified equation from the Lax pair obtained.
This letter is organized as follows. In Section 2, the prolongation structures and Lax pair of Eq. (1) are proposed, using the prolongation technique. In Section 3, the Miura transformation and corresponding modified equation of Eq. (1) are given. The conclusions are proposed in the last section.
The prolongation structures and the Lax pair of Eq. (1)
In this part, we will propose the prolongation structures and Lax pair of the coupled KdV equation (1) . To do this, we first give a basic theorem in the theory of Lie algebra representation [10] . 
Theorem. Let X and Y be two elements of the Lie algebra g
Then Eq. (1) can be represented by the following set of 2-forms:
which is closed under the exterior differential, that is
where g j (j = 1, 2, . . . , 6) are differential 1-forms.
Next we introduce the system of 1-forms
where y
. . , n) are called pseudopotentials and we assume that F i and G i are of the form
Next we rewrite F i j as F and G i j as G for simplicity.
We need α 1 , . . . , α 6 ; ω i to be also a closed ideal, namely
which leads to a set of nonlinear partial differential equations concerning F and G as follows:
where
One solution of this set of equations is
[X 2 ,
where [X i , X j ] = X i X j −X j X i , and the X i (i = 1, 2, . . . , 12) determine a incomplete Lie algebra L, which is called a prolongation algebra.
In order to introduce the spectral parameter of corresponding Lax pairs of Eq. (1), we note that Eq. (1) has the following scale symmetry:
which leads to the automorphism of the prolongation algebra as follows:
and the X i must satisfy
To find the matrix representation of X i (i = 1, 2, . . . , 12), we try to embed the prolongation algebra L represented by (7) and (8) in sl(n, C ). Starting from the cases n = 2, 3, we found that sl(2, C ) and sl(3, C ) cannot be the whole algebra. After some computation, we find sl(4, C ) is just what is needed, i.e. n = 4. So by embedding L in sl(4, C ) and using the theorem at the beginning of this part, we get the matrix representation of X i (i = 1, 2, . . . , 12) as follows: 
So the Lax pair for Eq. (1) is obtained by combining (4), (6) and (10) . It is
and F , G are
where λ is a spectral parameter and A = (7−3α)
The Miura transformation and a new coupled modified KdV equation
In this part, we will derive the Miura transformation and a new coupled modified KdV equation associated with Eq. (1).
To do so, we rewrite the Lax pair (11) with (12) of the coupled KdV equation (1) by setting λ = 1 as follows:
with
Let Ψ be the fundamental matrix of solutions of (13), that is Ψ xx = UΨ , Ψ t = MΨ + NΨ x .
Next we define a new matrix as follows: 
Because of
we have
which just provides the following Miura transformation for Eq. (1) 
Differentiating Ψ t = MΨ + NΨ x about x, then differentiating P = Ψ x Ψ −1 about t and making use of (14), we have
